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1 Moments of L–functions over number fields
1 Quadratic characters
2 Cubic characters
2 Function fields background





3 Ideas of proof
Moments of L–functions over number fields








)k ∼ CkX (logX ) k(k+1)2 .
k = 1, 2: Jutila (1981)
k = 2, 3: Soundararajan (2000)
k = 3: Diaconu, Goldfeld, Hoffstein
k = 4: possibly on GRH, using ideas of Soundararajan and Young
Nonvanishing: Using the mollifier method, Soundararajan showed that
more than 87.5% of L(12 , χd) 6= 0.
2 Cubic characters
Theorem (Baier-Young)


















Moreover, the number of primitive Dirichlet character of order 3 of









exp(−N(c)/X ) = AX + O(X 2122+),
where the sum over c is over square-free elements of Z[e2pii/3].
Baier-Young ideas of proof
1
{primitive, cubic characters (mod q)}
m





, n ∈ Z[e2pii/3] square-free,
not divisible by any rational prime,N(n) = q}
Baier-Young ideas of proof



























where τ(χn) is the cubic Gauss sum.
3 Extract a main term from M1, coming from m = .
4 Bound M2, using results on cancellation in averages of cubic Gauss
sums (Kubota, Heath-Brown, Patterson)
Function fields background
Dictionary
N monic polynomials in Fq[x ]
|n| |f | := qdeg(f )
primes p monic irreducible polynomials P
Let Mn denote the monic polynomials of degree n, |Mn| = qn





















Let χ be a primitive character (mod h). The L–function associated to
χ is defined by
L(s, χ) = L(u, χ) =
∑
f monic







L(u, χ) satisfies the following:
It is a polynomial of degree ≤ deg(h)− 1.
It has a functional equation. If χ is an odd character, then






where ω(χ) is the root number.
All the nontrivial zeros lie on the circle of radius |u| = 1√q .
Moments over function fields
1 Quadratic characters










whose zeta function is
ZCD (u) =
L(u, χD)





k as |D| = q2g+1 →∞.
Moments over function fields















(2g + i + j).










k = 1: Andrade-Keating
k = 2, 3, 4: F.
Moments over function fields
2 Cubic characters
Let q ≡ 1 (mod 3). Fix an isomorphism Ω between the cubic roots of 1 in
C∗ and the cubic roots of 1 in F∗q.





where α is the unique root of unity in C such that
A
|P|−1
3 ≡ Ω(α) (modP).
The Kummer setting





where Fi is squarefree of degree di and (F1,F2) = 1. Suppose
d1 + 2d2 ≡ 1 (mod 3). Then the genus of the curve is given by
g = d1 + d2 − 1.
The zeta-function of the curve is given by
ZCF1,F2 (u) =
L(u, χF1F 22 )L(u, χF 21 F2)
(1− u)(1− qu) ,
where































with C1 and C2 explicit constants.
Question: What if g is fixed and q →∞? Equidistribution??
The Kummer setting
The family we consider has size gqg which translates to a family of
size X logX in the number field setting. The Baier-Young family has
size X .
The sum over d1 and d2 introduces extra difficulties. In particular,
when either d1 and d2 is small, bounding the error term is difficult.
The sieve introduces extra difficulties. Introducing co-primality
conditions in the generating series of cubic Gauss sums changes the
behavior of the function.
The non-Kummer setting
Theorem (David-F.-Lal´ın )































Ideas of proof- the non-Kummer setting
1
{primitive, cubic characters }
m





,F ∈ Fq2 [t] square-free,



















Ideas of proof- the non-Kummer setting





























4 Obtain asymptotic formula for M1.
5 Obtain asymptotic formula for M2.































































The root number is





Cubic Gauss sums are almost multiplicative. For (f1, f2) = 1
G (V , f1f2) = G (V , f1)G (V , f2)χf1(f2)
2.
If P - V ,
|G (V ,P)| =
√
|P|.













The generating series of cubic Gauss sums




G (f ,F )udeg(F )






(s ⇔ 2− s)






3) + uP1(f , u




where Pi (f , x) is a polynomial of degree at most [(1 + deg(f )− i)/3].
3
ρ(f ) = Res(u3 = 1/q4) ∼ c G (1, f )
|f | 23
The dual term





G (f ,F )udeg(F ).
Ψ˜f (u) has an extra pole at u


































































Pick σ = 7/6,A = 3g/4.
Conjecture








= Bqg+2 + Dq
5g
6 + o(q5g/6),
for explicit constants B and D.
The Kummer case










































2 G (1,F1)G (1,F2).
Asymptotic formulas



























G (f ,F1)G (f ,F2).
Use formulas for ∑
Fi∈Hdi
(Fi ,f )=1



















G (f ,F2) = c1
q4d2/3




















































The cross-terms S1E2 and S2E1 are of size q
g+1−A
6 , but we don’t know
how to compute them.
Conjecture






















The Heath-Brown and Patterson Conjecture














eˇ(z) = exp(2pii(z + z¯)),
and (∗/∗) is the cubic residue symbol for Z[e2pii/3].
Theorem (Heath-Brown)






The Heath-Brown and Patterson Conjecture
Conjecture (Heath-Brown, Patterson)
For any  > 0 we have∑
c≡1 mod 3
N(c)≤X
g(c)√
N(c)
Λ(c) = bX
5
6 + O(X
1
2
+),
where
b =
2
5
(2pi)2/3Γ(2/3).
Thank you!
